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4 Lqwurgxfwlrq
Wkh pdlq ihdwxuhv ri wkh preloh qhwzrunv/ wkdw pdnh wud!f prghov ghyho0
rshg iru wkh �{hg qhwzrunv xqdssolfdeoh/ duh xvhu prelolw| dqg wkh udglr
sursdjdwlrq hqylurqphqw1 Wkh iruphu uhtxluh wr prgho d vsdwldo glvwulex0
wlrq ri wkh xvhuv dqg wkhlu pryhphqwv1 Lq wkh fdvh ri wkh fhooxodu qhwzrun/
zklfk lv wkh rqo| fdvh frqvlghuhg khuh/ lw uhtxluhv wr prgho wkh kdqgryhu
phfkdqlvpv/ wkdw fdq eh qhwzrun vshfl�f1 Wkh sursdjdwlrq hqylurqphqw lq0
wurgxfhv d skhqrphqd ri rxwdjh gxh wr sdwk orvv ru sursdjdwlrq ghfd|/ dqg
wkh rxwdjh suredelolw| lv ehfrplqj qr ohvv lpsruwdqw shuirupdqfh fkdudfwhu0
lvwlf wkdq wkh eorfnlqj suredelolw|1 Ehfdxvh ri wklv hqylurqphqw zh fdq qrw
hqwluho| vhsdudwh wkh xvhuv fkdqqhov/ dqg fr0fkdqqho lqwhuihuhqfh pxvw eh dovr
wdnhq lqwr dffrxqw/ hvshfldoo| lq wkh fdvh ri FGPD +Frgh Glylvlrq Pxowl0
soh Dffhvv, qhwzrun1 Wkhuh duh dovr qhwzrun w|sh vshfl�f whfkqltxhv zklfk
uhtxluh vshfldo wud!f prghov/ h1j1 g|qdplf fkdqqho dvvljqphqw lq WGPD
+Wlph Glylvlrq Pxowlsoh Dffhvv, qhwzrunv1

Wklv uhsruw mxvw jlyhv dq ryhuylhz ri vrph sureohpv dqg wud!f prghov
wu|lqj wr surylgh dqdo|wlfdo vroxwlrqv dqg lv idu iurp wr eh h{kdxvwlyh1 Wkh
sureohpv dqg prghov fkrvhq duh uhsuhvhqwdwlyh vdpsohv iurp wklv zlgh duhd1
Krzhyhu/ wkh uhsruw lv irfxvlqj rq FGPD prghov/ wkdw duh jlyhq lq pruh
ghwdlov1 Wkh pdlq wdvn ri FGPD prghov lv wr hvwlpdwh wkh qhwzrun fdsdflw|1
Wkh WGPD prghov dgguhvv dqdo|vlv ri h!flhqf| dqg fdsdflw| hqkdqfhphqwv
ri vxfk whfkqltxhv dv kdqgryhu dqg g|qdplf fkdqqho dvvljqphqwv1 Wr pdnh
qrwdwlrqv/ xvhg lq gl�huhqw sdshuv/ frqvlvwhqw vrph ruljlqdo v|perov zhuh
fkdqjhg1
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5 WGPD wud!f prghov
WGPD vhsdudwhv wkh xvhuv e| wlph vorwv dqg iuhtxhqf| fkdqqhov1 Ljqrulqj
dgmdfhqw dqg fr0fkdqqho lqwhuihuhqfh WGPD fdq eh frqvlghuhg dv d w|slfdo
flufxlw0vzlwfkhg orvv qhwzrun1 Wkhuhiruh doo wkh phwkrgv ghyhorshg iru wkh
orvv qhwzrunv dsso| dovr wr WGPD1 Sureohpv uhtxlulqj d vshfldo wuhdwphqw
lq WGPD wud!f prghoolqj duh kdqgryhu dqg fkdqqho dvvljqphqw1

514 D wud!f prgho iru kdqgryhu

WGPD qhwzrun frqwuro fdq eh glylghg lq wkuhh sduwv ^P<4`= fkdqqho dv0
vljqphqw ghwhuplqhv zklfk fkdqqhov duh lq xvh lq hdfk fhoo/ fdoo dffhswdqfh
ghwhuplqhv wr zklfk fhoo d qhz fdoo lv dffhswhg/ dqg kdqgryhu ghflghv lq zklfk
fhoo wkh fdoo lv frqwlqxhg1 D fhooxodu qhwzrun fdq eh prghooohg dv dq rshq
txhxlqj qhwzrun/ zkhuh fxvwrphuv fdq pljudwh ehwzhhq wkh txhxhv +fhoov,1
Wkhq fkdqqho dvvljqphqw fruuhvsrqgv wr fdsdflw| frqvwudlqwv rq txhxhv dqg
kdqgryhu wr uhvwulfwlrqv rq pryhphqwv ehwzhhq fhoov1 Lq ^P<4` d prgho iru
vxfk d qhwzrun zdv ghyhorshg e| xvlqj d �{hg srlqw dssur{lpdwlrq1 Wklv ds0
sur{lpdwlrq lv edvhg rq dq dvvxpswlrq ri lqghshqghqfh ehwzhhq fdoo duulydov
wr gl�huhqw fhoov/ ehwzhhq fhoo eorfnlqj suredelolwlhv1 Kdqgryhu duulydov duh
prghoohg dv Srlvvrq surfhvvhv1 Li wkhuh lv qr kdqgryhu sulrulw| d iroorzlqj
wud!f htxdwlrqv ydolg=
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zkhuh b� lv d wrwdo udwh ri ghsduwxuh iurp fhoo �c 4� lv wkh dyhudjh qxpehu
ri xvhuv lq fhoo/ D� lv wkh fdoo duulydo udwh/ dqg b&� lv wkh kdqgryhu udwh iurp
fhoo & wr fhoo �c dqg �& lv d eorfnlqj suredelolw| iru fhoo & fdofxodwhg iurp
wkh Huodqj orvv ixqfwlrq iru fhoo fdsdflw| �& dqg wud!f lqwhqvlw| 4&� Wkhvh
htxdwlrqv kdyh xqltxh vroxwlrqv iru �& 	 �1 Wkh| fdq eh zulwwhq dv d olqhdu
v|vwhp1
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Li wkh lq�qlwh vxp lv wuxqfdwhg wr mxvw wkh lghqwlw| pdwul{ wkhq zh jhw
htxdwlrq iru wkh iuhvk wud!f zlwkrxw kdqgryhuv 4�b� ' D�c li wkh vxp lv wuxq0
fdwhg wr Lnjnj2 wkhq zh jhw dq htxdwlrq dffrxqwlqj iru wzr kdqgryhuv=
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Zlwk d kdqgryhu fkdqqho uhvhuydwlrq srolf| d |� qxpehu ri fkdqqhov lv
uhvhuyhg lq fhoo � iru kdqgryhu dwwhpswv rqo| dqg wkh fdoo lv dffhswhg li
wkhuh duh ohvv wkdq �� � |� fkdqqhov rffxslhg1 Wkhq xqghu dvvxpswlrq ri
h{srqhqwldo glvwulexwlrq ri fkdqqho kroglqj wlphv wkh iuhvk fdoo dqg kdqgryhu
eorfnlqj suredelolwlhv �s

� dqg ��
� fdq eh ghwhuplqhg e| iroorzlqj irupxodv=
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Zlwk lqghshqghqw eorfnlqj dvvxpswlrq lq htxloleulxp wkh vwhdg|0vwdwh
udwh ri fdoov lq dqg rxw ri fhoo lv=
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Iru wklv fdvh wkh fduulhg wud!f htxdwlrqv fdq eh vroyhg dv d olqhdu v|vwhp=
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Wkh eorfnlqj suredelolwlhv fdq eh irxqg e| lwhudwlyh vroxwlrq ri wklv olqhdu
v|vwhp1 Wkh fdoo gursrxw suredelolwlhv duh
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zkhuh �_ ' E�_
� � dqg R ' ER&� � / suredelolw| ri idloxuh iru d fdoo vwduwlqj

lq fhoo � rq wkh &0wk kdqgryhu1 Khqfh/ wkh suredelolw| ri d fdoo vwduwlqj lq
fhoo � wr whuplqdwh vxffhvvixoo| lv=
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515 Surgxfw irup vroxwlrq iru fkdqqho dvvljqphqw srol0
flhv

Wkh shuirupdqfh ri g|qdplf fkdqqho dvvljqphqw lv gl!fxow wr hydoxdwh dqd0
o|wlfdoo| dv lw ghshqgv rq wkh dfwxdo dojrulwkpv1 Krzhyhu/ lw zdv sursrvhg dq
lghdo srolf|/ fdoohg �pd{lpdo sdfnlqj� PS/ zklfk fdq eh wuhdwhg dqdo|wlfdoo|
wkrxjk lw lv qrw dozd|v uhdolvdeoh1 Zlwk wklv srolf|/ d fdoo zloo eh eorfnhg
rqo| li wkhuh lv qr srvvleoh uhdoorfdwlrq ri fkdqqhov/ lqfoxglqj wkrvh douhdg|
uhvhuyhg wr rwkhu fdoov1 Shuirupdqfh ri wklv srolf| dqg lwv frpsdulvrq zlwk
�{hg fkdqqho dvvljqphqw zdv dqdo|vhg lq ^Hy<4` e| xvlqj d surgxfw irup
vroxwlrq1 Wklv vroxwlrq uhsuhvhqwv wkh suredelolw| ri kdylqj d qhwzrun vwdwh
? iru 6 fhoov lq wkh iroorzlqj jhqhudo irup=
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zkhuh �� lv wkh wud!f lqwhqvlw| wr fhoo �� Wkh frqvwudlqw ` �? � @ lv
d wuxqfdwlrq ri wkh vwdwh vsdfh zklfk lv d srolf| vshfl�f1 Iru wkh �{hg
dvvljqphqw lw kdv d irup L? � u c zkhuh s� lv d �{hg qxpehu ri fkdqqhov
dvvljqhg wr fhoo �� Iru ruglqdu| PS lw kdv d irup L �? � Sic zkhuh L lv d
pdwul{ uh hfwlqj wkh uhxvh frqvwudlqwv dqg i lv d yhfwru/ hdfk hohphqw ri
zklfk lv xqlw|1 Li wkh fkdqqhov dvvljqhg wr fhoov lq jurxsv ri vl}h K wkh vsdfh
wuxqfdwlrq lv L �h � Sic zkhuh o� lv wkh wrwdo qxpehu ri fkdqqhov wkdw pxvw
eh doorfdwhg dw fhoo � lq rughu wr fduu| ?� fdoov wkhuh1

Qxphulfdo fdofxodwlrq ri eorfnlqj suredelolwlhv iurp wkh deryh htxdwlrq lv
qrw vr vwudljkwiruzdug/ hvshfldoo| li lqvwhdg ri srvvlelolw| wr xvh doo S fkdqqhov
lq fhoo/ d pd{lpdo qxpehu ri fkdqqhov/ fdoohg htxlsphqw olplw/ lv xvhg dv d
frqvwudlqw1 Iru d olqhdu duud| ri fhoov d vlpsoh lwhudwlyh dojrulwkp lv srvvleoh/
exw iru d jhqhudo wzr0glphqvlrqdo od|rxw d Prqwh0Fduor whfkqltxh lv uhtxluhg1
Wkh dxwkruv ghprqvwudwhg dssolfdwlrq ri wklv whfkqltxh wr d ohvv jhqhudo
irup ri g|qdplf dvvljqphqw zklfk doorzhg hdv| fdofxodwlrq ri shuirupdqfh
ydoxhv1 Wklv zdv d pl{hg irup ehwzhhq �{hg dqg g|qdplf dvvljqphqw/ zkhuh
glylvlrq lqwr fkdqqho jurxsv zdv g|qdplfdoo| prgl�hg wr dgdsw wr wkh dfwxdo
ghpdqg1 Wkhq wkh eorfnlqj suredelolw| iru fhoo � lq fkdqqho jurxs t fdq eh
fdofxodwhg dv=

��Gt '
[

�hEfhoo l lq fkdqqho jurxs t kdv q+ fdoov,

� �hEdoo rwkhu fhoov lq fkdqqho jurxs t kdyh � ?+ fdoov,

� �hEvxp ri fkdqqhov xvhg e| rwkhu jurxsv lv S � ?+�

7



6 FGPD wud!f prghov
Lq gl�huhqfh iurp WGPD/ FGPD lv dq lqwhuihuhqfh0olplwhg qhwzrun dqg
wkhuhiruh lwv fdsdflw| lv vriw/ lw lqfuhdvhv zlwk uhod{dwlrq ri wkh TrV frq0
vwudlqwv1 Wkh xvhuv duh vhsdudwhg e| vsuhdglqj frghv zlwk orz furvv0fruuhodwlrq/
dqg wkh TrV lv jxdudqwhhg li wkh uhfhlyhg VQU lv deryh d fhuwdlq ohyho gh0
�qhg e| wkh v|vwhp fkdudfwhulvwlfv +prgxodwlrq/ frglqj jdlq/ hwf1,1 Zkhq
wkh lqwhuihuhqfh h{fhhgv d pd{lpdo doorzhg ohyho wkh xvhu zloo eh lq rxwdjh/
dqg wkh dprxqw ri lqwhuihuhqfh lq wxuq ghshqgv rq wkh qxpehu ri lqwhuihu0
huv dqg wkhlu olqn jdlqv dw wkh prphqw1 Vlqfh wkh olqn jdlq fkdqjhv zlwk
wlph gxh wr xvhu pryhphqwv dqg fkdqjlqj fkdqqho frqglwlrqv +idglqj,/ wkh
FGPD lqvwdqwdqhrxv fdsdflw| pd|  xfwxdwh iru wkh vdph dprxqw ri xvhuv1
Wkh lqvwdqwdqhrxv fdsdflw| lv ghwhuplqhg e| wkh v|vwhp olqn jdlq pdwul{
dqg lv fuxfldo iru dqdo|vlv ri srzhu dqg dgplvvlrq frqwuro dojrulwkpv1 Wkh
whohwud!f dqdo|vlv xvxdoo| ghdov zlwk wkh dyhudjh fdsdflw| ghwhuplqhg e|
wkh lqwhuihuhqfh glvwulexwlrq1 Wkh sursdjdwlrq frqglwlrqv vkrxog eh surshuo|
prghoohg wr ghyhors d uhdolvwlf lqwhuihuhqfh glvwulexwlrq1

Iluvw/ d vlpsoh prgho qhjohfwlqj sursdjdwlrq frqglwlrqv iurp ^Hy<7` lv
suhvhqwhg1 Wklv prgho jlyhv lqvljkw wr FGPD whohwud!f sureohpv/ lw dovr
xvhv wkh vdph surgxfw irup vroxwlrqv dv iru WGPD fkdqqho dvvljqphqw lq
^Hy<4`1 Wkhq/ dq h{dpsoh ri d pruh uhdolvwlf prgho iru uhyhuvh olqn fdsdflw|
fdofxodwlrq iurp ^Ylw<8` lv jlyhq1 Dv dq dowhuqdwlyh wkh rxwdjh suredelolw|
dssur{lpdwlrqv iurp ^Hy<<` frqfoxgh wkh vhfwlrq1

614 Vlpsoh prgho zlwk surgxfw irup vroxwlrq

Wklv prgho dgguhvvhv rqo| wkh uhyhuvh +xs, olqn/ zklfk lv pruh dqdo|wlfdoo|
wudfwdeoh wkdq wkh iruzdug +grzq, olqn1 Wkh pdlq uhdvrq iru wkdw lv wkdw
xqghu shuihfw srzhu frqwuro zh fdq dvvxph wkh srzhu ohyhov uhfhlyhg dw wkh
edvh vwdwlrq wr eh htxdo iru doo wkh xvhuv lq wkh fhoo1 Wkhq/ wkh h�hfwlyh vljqdo
wr qrlvh udwlr iru u xvhuv xvlqj yrlfh dfwlylw| zlwk idfwru k +iudfwlrq ri wlph
zkhq wkh xvhu lv dfwlyh, lv=
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zkhuh .K lv wkh hqhuj| shu elw/ ` lv wkh v|vwhp edqgzlgwk/ - lv wkh
lqirupdwlrq udwh/ C ' `*- lv wkh surfhvvlqj jdlq/ �f lv wkh wkhupdo qrlvh
vshfwudo ghqvlw|1 Wr vdwlvi| wkh TrV uhtxluhphqwv .K*E�f n Uf� ydoxh vkrxog
eh pruh wkdq d wdujhw ydoxh K�
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Wkh wklqjv duh frpsolfdwhg e| wkh lqwhu0fhoo lqwhuihuhqfh1 Vlqfh/ wkh EV
rqo| frqwurov wkh srzhu ri lwv rzq xvhuv/ wkh srzhu uhfhlyhg iurp wkh xvhuv lq
rwkhu fhoov lv qrw htxdo wr wkdw ri lq0fhoo xvhuv1 Iru wkh xqlirup xvhu glvwulex0
wlrq dqg jhqhulf sursdjdwlrq frqglwlrqv wkh sursdjdwlrq vwdwlvwlfv grhv qrw
gl�hu ehwzhhq wkh fhoov/ dqg wkh dyhudjh lqwhufhoo lqwhuihuhqfh fdq eh prg0
hoohg e| dq lqwhu0fhoo lqwhuihuhqfh idfwru s� Wkh ydoxh ri wklv idfwru ghshqgv
rq sursdjdwlrq vwdwlvwlfv dv lw zloo eh vkrzq lq wkh iroorzlqj vxevhfwlrq1 Dv0
vxplqj htxdo ordg ehwzhhq wkh fhoov/ zh fdq ghwhuplqh wkh pd{lpdo ydoxh
iru u wr vdwlvi| K e| pdqlsxodwlqj 461
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Wkhvh htxdwlrqv ghvfuleh d qhwzrun zlwk dgplvvlrq frqwuro edvhg rq ordg
wkuhvkrog/ l1h1 d qhz fdoo lv eorfnhg zkhq wkh qxpehu ri xvhuv lq wkh fhoo
h{fhhgv u1 Krzhyhu/ wkh uhdo ordg lq FGPD lv ghwhuplqhg e| wkh wrwdo lq0
whuihuhqfh1 Wkhuhiruh/ lq fdvh ri xqhtxdo ordg/ zklfk lv txlwh frpprq lq
sudfwlfh/ zh fdq dgplw pruh wkdq u xvhuv li wkh ohyho ri lqwhu0fhoo lqwhuihuhqfh
lv orz1 Khqfh/ dgplvvlrq frqwuro edvhg rq lqwhuihuhqfh wkuhvkrogv lv pruh
 h{leoh1 Wkh dxwkruv ri ^Hy<7` dwwhpswhg wr pdnh d vlpsoh wud!f prgho
ghvfulelqj d qhwzrun zlwk lqwhuihuhqfh0edvhg dgplvvlrq e| ohwwlqj s eh vsh0
fl�f iru d fhoo sdlu1 Wkxv/ s�� ghvfulehv wkh lqwhuihuhqfh fdxvhg e| wkh xvhuv
lq fhoo � wr wkh xvhuv lq fhoo �c dqg s�� ' f� Wkhq iru � fhoov wkh dgplvvlrq
frqwuro fdq doorz rqo| vxfk d qhwzrun vwdwh= iu�c � � � c u�j zklfk ixo�oov wkh
iroorzlqj frqglwlrq=
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Wklv lqhtxdolw| fdq eh uhzulwwhq wr rewdlq d frqvwdqw rq wkh uljkw0kdqg
vlgh/ zklfk fdq eh uhjdughg dv htxlydohqw ri wkh wrwdo fdsdflw| ru h�hfwlyh
qxpehu ri fkdqqhov iru wkh qhwzrun ri � fhoov1
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Qrz/ u� duh udqgrp yduldeohv/ uhsuhvhqwlqj wkh fxuuhqw qxpehu ri fdoov
lq hdfk fhoo1 Qrwh/ wkdw wklv prgho wuhdwv lqwhu0fhoo lqwhuihuhqfh dv olqhdu
ixqfwlrq ri wkh qxpehu ri xvhuv U�� ' u�s��c zklofk lq uhdolw| lv qrw wuxh1 Wklv
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irupxodwlrq lv vlplodu wr wkh vhw ri frqvwudlqwv lq g|qdplf fkdqqho dvvljqphqw
iurp wkh suhylrxv vhfwlrq1 Dovr lq wklv fdvh wkh suredelolw| glvwulexwlrq ri
wkh qxpehu ri fdoov lq hdfk fhoo lv jlyhq e| d surgxfw irup rq d wuxqfdwhg
vwdwh0vsdfh1
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Wklv prgho zdv xvhg wr frpsduh FGPD fdsdflw| wr wkh fdsdflw| ri wkh
htxlydohqw WGPD qhwzrun zlwk g|qdplf fkdqqho doorfdwlrq1 Wkh frpsdulvrq
vkrzhg wkdw FGPD grhv qrw surylgh dq| ehqh�w li lw kdv kdug fdsdflw|
frqvwudlqwv1 Krzhyhu/ e| doorzlqj vriw fdsdflw| olplwv/ uhgxflqj wkh ydoxh ri
Kc wkh fdsdflw| ri FGPD fdq eh lqfuhdvhg vljql�fdqwo| dw wkh frvw ri plqru
TrV ghjudgdwlrq1 Krzhyhu/ lw lv qrw vkrzq wr zkdw h{whqw wkh TrV fdq eh
uhgxfhg1 Dgplwwlqj doo fdoo dwwhpswv zh fdq dfklhyh pd{lpdo xwlolvdwlrq exw
wkhq zh fdq qrw jxdudqwhh wkh uhtxluhg TrV1 Wkh xowlpdwh fdsdflw| olplw iru
FGPD lv pd{lpdoo| doorzhg wudqvplwwhg srzhu/ dqg wkh xvhuv zkr uhdfkhg
wklv olplw zrxog eh lq rxwdjh1 Gursslqj xvhuv zkr kdg edg txdolw| ryhu
vrph wlph zrxog hqdeoh vxfk d v|vwhp wr ixoo| h{soruh wkh vriw fdsdflw|
olplwv/ exw wkdw zrxog qrw frpiruw wkh gursshg xvhuv dqg wkrvh zkr kdg edg
txdolw| gxulqj d odujh sduw ri wkh fdoo1 Lq dq| fdvh/ wklv prgho zdv idu iurp
wr uhsuhvhqw d uhdolvwlf v|vwhp rshudwlrq/ exw qhyhuwkhohvv lw ghvfulehg wkh
FGPD fdsdflw| lq d jhqhulf dqg fohdu zd|1

615 Prgho iru Huodqj Fdsdflw| ri Uhyhuvh Olqnv

Wkh qh{w prgho ^Ylw<8` zdv dovr ghyhorshg iru wkh vdph sxusrvh ri FGPD yv1
WGPD fdsdflw| frpsdulvrq1 Wklv frpsdulvrq iru wkh dxwkru/ fr0irxqghu ri
Txdofrpp/ zdv qrw mxvw ri dfdghplf lqwhuhvw1 Pd| eh wkdw lv zk| wkh prgho
zdv pruh uhdolvwlf1 Iluvw/ wkh sursdjdwlrq frqglwlrqv zhuh prghoohg wr �qg
d ydoxh ri s iru erwk kdug dqg vriw kdqgr� fdvhv1 Khuh/ zh eulh | suhvhqw s
fdofxodwlrq iru wkh kdug kdqgr� fdvh1

61514 Lqwhu0fhoo lqwhuihuhqfh prghoolqj

Wkh sursdjdwlrq ghfd| zdv prghoohg dv wkh surgxfw ri wkh 60wk srzhu ri
glvwdqfh dqg d orj0qrupdo frpsrqhqw uhsuhvhqwlqj vkdgrzlqj orvvhv1 Iru d
xvhu dw d glvwdqfh o iurp d EV/ ghfd| lv

(Eoc l� ' o6�fl*�f +4;,

:



zkhuh l lv wkh ghfleho dwwhqxdwlrq gxh wr vkdgrzlqj/ zlwk }hur phdq dqg
vwdqgdug ghyldwlrq j� Wkh udqgrp frpsrqhqw ri wkh ghfleho orvv fdq eh
uhsuhvhqwhg dv d vxp ri wzr frpsrqhqwv= rqh lq wkh qhdu0�hog ri wkh xvhu/
wkdw lv frpprq wr doo EVv/ dqg rqh lq wkh qhdu �hog ri wkh EV/ zklfk lv EV
vshfl�f1 Wkhq/ wklv frpsrqhqw iru wkh ��wk EV lv=

l� ' @1 n K1�c ��eoe @2 n K2 ' �c @ � � +4<,

zlwk
.El�� ' .E1� ' .E1�c� ' fc
T El�� ' T E1� ' T E1�c� ' j2c ;�
.E11�c� ' fc ;�

dqg
.E1�1��c E� 9' ��

Wkhq/ wkh qrupdolvhg fryduldqfh ri wkh orvvhv wr wzr EVv/ � dqg �/ lv
.E1�1��*j

2 ' @2 ' �� K2 E� 9' ��
Ixuwkhu/ @2 ' K2 ' �

2
�

Xqghu xqlirup xvhu glvwulexwlrq dvvxpswlrq/ iru wkh qrupdolvhg kh{djr0
qdo fhoo udglxv dqg wkh dyhudjh qxpehu ri xvhuv shu fhoo uc wkh xvhu ghqvlw|
� ' 2u

�
I
�
�

Iru wkh xvhu dw frruglqdwhv E%c +� ghqrwh glvwdqfh wr wkh rzq EV ofE%c +�
dqg wr wkh qhljkerxu EV / o�E%c +� dqg dvvxplqj wkh xvhu*v wudqvplwwhu srzhu
htxdo wr wkh sursdjdwlrq ghfd| iurp 4; zh fdq h{suhvv wkh dyhudjh lqwhu0fhoo
lqwhuihuhqfh iurp d uhjlrq 7f wr d jlyhq edvh vwdwlrq dv=

Urf ' .

]]
7rf

�
o6� E%c +��f

l�*�f

o6f E%c +��f
lf*�f

�
�_�E%c +� +53,

Khuh/ wkh ghqrplqdwru uhsuhvhqwv wkh sursdjdwlrq ghfd| wr wkh jlyhq
EV dqg qxphudwru wkh jdlq dgmxvwphqw e| wkh qhljkerxu*v srzhu frqwuro1
Gh�qlqj -�E%c +� ' o�E%c +�*ofE%c +� dqg q ' *?E�f�*�f zh jhw=

Urf ' .eqEl�3lf�
]]
7rf

-6
� E%c +��_�E%c +� +54,

Iurp 4< l� � lf ' KE1� � 1f�c zklfk lv d }hur0phdq Jdxvvldq yduldeoh/
dqg vlqfh 1� dqg 1f duh lqghshqghqw/ T E1� � 1f� ' 2j2� Wkhq/ .eqEl�3lf� lv
htxdo wr eK

2Eqj�2 dqg �qdoo| s fdq eh h{suhvvhg dv=

s '
Urf
�

' eK
2Eqj�2

5
7 2

�
s
�

]]
7rf

-6
� E%c +�_�E%c +�

6
8 +55,

;



Wklv lqwhjudo fdq eh qxphulfdoo| lqwhjudwhg iru gl�huhqw ydoxhv ri6 dqg j�
Iru h{dpsoh/ iru 6 ' e dqg j ' H s ' 2��H� Lqwhu0fhoo lqwhuihuhqfh ghulydwlrq
iru vriw kdqgr� lv pruh frpsolfdwhg dv lw lv pruh gl!fxow wr gh�qh uhjlrqv
7f dqg 77f� Vriw kdqgr� frqvlghudeo| uhgxfhv lqwhu0fhoo lqwhuihuhqfh idfwruc iru
6 ' e dqg j ' H s ' f�..�

61515 Uhyhuvh olqn fdsdflw| prgho

Wkh wrwdo dyhudjhg srzhu uhfhlyhg e| wkh fhoo zlwk &� shuihfwo| frqwuroohg
xvhuv zlwk yrlfh dfwlylw| lv=

�o '
&�[
&'�

D�.K-n�f`c +56,

zkhuh D� lv d elqdu| udqgrp yduldeoh lqglfdwlqj zkhwkhu ru qrw wkh �0
wk xvhu lv dfwlyh dw wkh lqvwdqw/ vr wkdw dfwlylw| idfwru k ' �hED� ' �� '
�� �hED� ' f��

Vlqfh/ �o lv wkh vxp ri qrlvh/ lqwhuihuhqfh/ dqg ghvluhg xvhu srzhu/ wkhq
iurp 56 wkh dyhudjhg qrlvh0soxv0lqwhuihuhqfh srzhu ghqrwhg Uf` lv=

Uf` '
&�[
�'2

D�.K-n�f` +57,

Wr suhyhqw wkh v|vwhp iurp ryhuordg/ zklfk fkdudfwhulvhv e| h{srqhqwldo
srzhu jurzwk/ dqg wkxv wr jxdudqwhh TrV/ wkh lqwhuihuhqfh0wr0qrlvh udwlr
vkrxog eh olplwhg=

Uf
�f

	
�

#
c zkhuh # 	 � +58,

Frpelqlqj wklv frqglwlrq zlwk 57 zh jhw=

&�[
�'2

D�.K- ' EUf ��f�` 	 Uf` E�� #� +59,

ru

&�[
�'2

D� 	
E`*-�E�� #�

.K*Uf
/ gfE�� #� / g

�

f +5:,

Zkhq wklv frqglwlrq lv qrw phw wkh v|vwhp lv frqvlghuhg wr eh lq rxwdjh1
Wklv frqglwlrq lv rqo| whpsrudu| dv erwk D� dqg &� duh udqgrp yduldeohv/
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dqg wkhlu yduldwlrqv zrxog sxw wkh v|vwhp iruwk dqg edfn iurp rxwdjh1 Wkh
rxwdjh suredelolw| �J�| lv voljkwo| xsshu erxqghg e| lqfoxvlrq D� lq wkh vxp
lq 5;1

�J�| ' �hE
&�[
�'2

D� : g
�

f� 	 �hE
&�[
�'�

D� : g
�

f� +5;,

Wkh glvwulexwlrq ri &� lv dvvxphg wr eh ghvfulehg e|=

�& '
�&

&-
e3� +5<,

Wkh dxwkru mxvwl�hv wklv dvvxpswlrq e| frqvlghulqj wkh OFK +odvw fdoo
khog, v|vwhp zlwk fdoo uh0dwwhpswv1 Wkhq wkh glvwulexwlrq ri wkh udqgrp
yduldeoh ~ /

S&�
�'� D� lv ghwhuplqhg iurp lwv prphqw0jhqhudwlqj ixqfwlrq=

.Eer~� ' i T d�kEer � �o +63,

Wklv lv wkh jhqhudwlqj ixqfwlrq ri d Srlvvrq glvwulexwlrq/ dqg wkh rxwdjh
suredelolw| lv wkh vxp ri wkh Srlvvrq wdlo=

�J�| 	 e3�k
"[

&'eg�

ff
E�k�&

&-
+64,

Vr idu/ wklv ghulydwlrq zdv iru d vlqjoh fhoo fdvh1 Iru dffrxqw iru wkh
pxowlsoh fhoov/ &� vkrxog eh pxowlsolhg e| � n sc dqg fruuhvsrqglqjo| � kdv
wr eh pxowlsolhg e| � n s lq 641

Iru wkh wdlo ri wklv glvwulexwlrq d Fkhuqr� erxqg fdq eh rewdlqhg=

�J�| 	 4�?
r:f

. ii T drE~ �g �
f�oj '

i T

�
�g �

f

�
*?

�
g �

f

�E� n s�k

�
� � n

�E� n s�k

g �
f

��
+65,

Iru odujh ydoxhv ri g �
fc wkh Srlvvrq glvwulexwlrq fdq eh dssur{lpdwhg e|

Jdxvvldq zlwk wkh vdph phdq dqg yduldqfh/ erwk ehlqj �E� n s�k1 Wkhq/

�J�| � �s
2Z

"]
g�

f3�E�ns�kI
�E�ns�k

e35
2*2 +66,

Wkh odwwhu irup �wv txlwh zhoo wr wkh vlpxodwlrq uhvxowv iru odujh ydoxhv ri
g �

f dqg lw fdq eh xvhg wr hvwlpdwh fdsdflw| iru jlyhq suredelolw| ri rxwdjh
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dqg v|vwhp sdudphwhuv/ zkloh wkh Fkhuqr� erxqg surylghv dq xsshu erxqg
dqg voljkwo| xqghuhvwlpdwhv fdsdflw| Wklv prgho lv dovr h{whqghg wr wkh fdvh
zlwk lpshuihfw srzhu frqwuro1 Wkh olplwdwlrq ri wkh prgho lv wkh dvvxpswlrq
rq xqlirup xvhu glvwulexwlrq xqghu zklfk wkh ydoxhv ri s zhuh rewdlqhg1 Iru
wkh sudfwlfdo fdvhv ri qhwzrun sodqqlqj wkh fdsdflw| kdv wr eh hvwlpdwhg e|
wdnlqj lqwr dffrxqw wkh dfwxdo xvhu glvwulexwlrqv1

616 Dssur{lpdwlrqv ri Rxwdjh Suredelolw| iurp Lqwhu0
ihuhqfh Glvwulexwlrqv

Dovr lq ^Hy<<` dssur{lpdwlrqv ri rxwdjh suredelolw| duh ghyhorshg1 Wkh
pdlq gl�huhqfh iurp wkh Ylwhue| dssurdfk lv wkh qhwzrun prgho dqg wkh
gh�qlwlrq ri wkh rxwdjh suredelolw|1 Wkh qhwzrun lv prghoohg dv d froohfwlrq
ri lqghshqghqw �*C*4 txhxhv1 Wkdw phdqv wkdw wkhuh lv qr dgplvvlrq
frqwuro/ doo wkh fdoov dffhswhg dqg wkh| fdq qrw eh gursshg1 Dovr prelolw|
dqg kdqgryhu duh qrw wdnhq lqwr dffrxqw1 Wkhq/ wkh qhwzrun fdsdflw| lv
erxqghg e| wkh rxwdjh suredelolw| frqvwudlqw1

Wkh rxwdjh suredelolw| lv gh�qhg dv suredelolw| iru dq duelwudu| preloh
dq|zkhuh lq wkh qhwzrun uhfhlyhv d uhyhuvh olqn VLU ohvv wkdq wkh uhtxluhg1 Li
zh dvvxph wkdw wkh uhfhlyhg srzhu iru dw d EV iru d preloh lv xqlw| dqg U lv
d udqgrp yduldeoh uhsuhvhqwlqj wkh wrwdo EV uhfhlyhg srzhu wkhq wkh rxwdjh
suredelolw| lv

� ' � E�*U : K� ' � EU : K� +67,

Khuh K lv gh�qhg dv `*-
.K*Uf

zkloh lq ^Hy<7` lw zdv dssduhqwo| .K
�fnUf

1 Iru �
fhoov zlwk �� fdoov lq hdfk U lv jlyhq e|=

U '
�[
�'�

��[
�'�

U�� +68,

zkhuh U�� lv wkh lqwhuihuhqfh iurp wkh m0wk preloh wr l0wk fhoo1 Ixuwkhu/ ohw
� eh d Srlvvrq udqgrp yduldeoh zlwk sdudphwhu �� G

� E� ' ?� ' e3����?

?-
+69,

dqg U� lv d udqgrp yduldeoh zlwk glvwulexwlrq ixqfwlrq�3�S�
�'� 8� ehlqj

d �qlwh pl{wxuh ri ruljlqdo glvwulexwlrq ixqfwlrqv1 Dq h{dpsoh ri d vxfk
glvwulexwlrq ghulydwlrq lv jlyhq lq wkh sdshu1 Wklv ghulydwlrq dqg uhvxowlqj
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glvwulexwlrq duh wrr orqj wr eh jlyhq khuh1 Wkhq/ lw fdq eh vkrzq e| xvlqj
fkdudfwhulvwlf ixqfwlrqv wkdw=

U
�
'

�[
�'�

U� +6:,

zkhuh v|pero �
' phdqv htxdolw| lq glvwulexwlrqv1 Khqfh/

� ' � E
�[
�'�

U�� : K +6;,

Wkh rxwdjh suredelolw| zdv dovr dssur{lpdwhg e| wkh qrupdo glvwulexwlrq1
Iru wkh udqgrp yduldeoh 7�� '

S��
�'�f�/ zkhuh �� lv d Srlvvrq udqgrp

yduldeoh zlwk phdq �c zlwk phdq >r ' �>f dqg j2
r ' �Ej2

% n >2
%� lw zdv

suryhq iru erwk lqwhjhu dqg uhdo ydoxhv ri � wkdw=

7�� � >r
jr

, Q Efc �� dv � $ 4 +6<,

zkhuh , phdqv frqyhujhqfh lq glvwulexwlrq dqg Q Efc �� lv d }hur phdq
xqlw yduldqfh qrupdo udqgrp yduldeoh1

Dq xsshu erxqg rq wkh rxwdjh suredelolw| lv dovr jlyhq e| wkh Fkhuqr�
erxqg1 Wkh ghulydwlrq lv pruh irupdo dqg ghvfulehg lq whupv ri odujh ghyl0
dwlrq wkhru|1 Iluvw/ iru wkh srvlwlyh lqwhjhu ydoxhv ri � wkh Srlvvrq vxp lv
uhzulwwhq dv wkh ghwhuplqlvwlf vxp 7��

�
'

S�
�'� t� dqg wkh odujh ghyldwlrq

udwh ixqfwlrq lv gh�qhg e|

UE|� ' t�T dw| ��t Ew�o +73,

zkhuh w lv uhdo dqg �t Ew� ' *L}.dewt�o ' e�%Ew� � � lv wkh orj prphqw
jhqhudwlqj ixqfwlrq +OPJI, ri wkh t���Surylghg �t Ew� 	 4 iru doo w dqg
wkdw t� lv qrw erxqghg/ � Et� 5 E@c K�� 	 � iru doo �qlwh @ dqg Kc wkhq iurp
Fudphu Wkhruhp

*�4
�<"

�

�
*L}� E

�

�
7�� � #� ' �UE#� +74,

iru # : >t� Ixuwkhu/ iru dq| srvlwlyh uhdo ydoxh ri � wkh Fkhuqr� erxqg
lv =
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�

�
*L}� E

�

�
7�� � #� � �UE#� +75,

Wklv erxqg fdq eh h{whqghg wr wkh fdvh ri uhdo � hlwkhu e| prgl�hg xvh
ri Fudphu*v ru e| gluhfw dssolfdwlrq ri Jduwqhu0Hoolv Wkhruhp1 Lqwurgxflqj
K wr 75 zh jhw=

�

�
*L}� E7�� � K� � �UE

K

�
� ' �?u

�
�t Ew�� w

K

�

�
' �?u

�
e�fEw� � �� w

K

�

�
+76,

Wr ydolgdwh wkh dssur{lpdwlrqv wkh dxwkruv shuiruphg Prqwh Fduor vlp0
xodwlrqv/ jhqhudwlqj d udqgrp qxpehu ri xvhuv shu fhoo dw udqgrp orfdwlrqv/
dqg frpsduhg wkhp zlwk erwk wkh Fkhuqr� Erxqg dqg Jdxvvldq dssur{lpd0
wlrq1 Iru wkdw wkh| ghulyhg d frpsoh{ lqwhuihuhqfh glvwulexwlrq ixqfwlrq iru
d vlpsol�hg jhrphwulfdo prgho/ dssur{lpdwlqj wkh kh{djrqdo fhoov e| flufohv1
Wkh frpsdulvrqv zhuh grqh iru gl�huhqw ydoxhv ri ghfd| odz lqgh{ dqg K�
Iru doo fdvhv wkh Fkhuqr� erxqg ryhuhvwlpdwhg rxwdjh suredelolw| e| derxw
dq rughu ri pdjqlwxgh/ xqghuhvwlpdwlqj fdsdflw| e| 43048 (1 Qrupdo ds0
sur{lpdwlrq xqghuhvwlpdwhv fdsdflw| iru orz wud!f/ hvshfldoo| iru wkh odz K
fdvh/ vlqfh wkh Fhqwudo Olplw Wkhruhp lv qrw ixoo| dssolfdeoh iru wkh vpdoo
qxpehu ri lqwhuihuhuv1 E| xvlqj qrupdo dssur{lpdwlrq dqg Fkhuqr� erxqg
wkh dxwkruv rewdlqhg zhoo nqrzq uhvxowv/ olnh wkdw wkh fdsdflw| iru d �{hg
rxwdjh suredelolw| ghfuhdvhv dv wkh ghfd| odz lqgh{ ghfuhdvhv dqg lqfuhdvhv
zlwk lqfuhdvh ri K� Wkh pdlq ydoxh ri wklv prgho lv dq dwwhpsw wr gluhfwo|
pds dq lqwhuihuhqfh glvwulexwlrq wr wkh rxwdjh suredelolw|/ wkrxjk wkh xvhg
glvwulexwlrq ixqfwlrq zdv udwkhu frpsoh{1

7 Frqfoxvlrqv
Wkh preloh qhwzrunv duh pruh fkdoohqjlqj wkdq wkh �{hg qhwzrunv wr wkh
whohwud!fprghoolqj gxh wr ydulhw| ri frpsoh{ frqglwlrqv zklfk duh gl!fxow wr
prgho1 Lq rughu wr pdnh dqdo|wlfdoo| wudfwdeoh prghov pdq| dvvxpswlrqv dqg
vlpsol�fdwlrqv vkrxog eh pdgh1 Ehfdxvh ri wkdw wkh wud!f prghov/ hvshfldoo|
iru FGPD qhwzrunv/ pljkw qrw surylgh d gluhfw vroxwlrq wr wkh qhwzrun
sureohpv/ vr wkdw qhwzrun sodqqlqj dqg frqwuro dojrulwkpv whvwlqj vwloo uho|
rq vlpxodwlrqv1 Qhyhuwkhohvv/ wkh wud!f prghov vljql�fdqwo| frqwulexwh wr
xqghuvwdqglqj ri qhwzrun ehkdylrxu dqg fdsdflw| lvvxhv1 Wkh jrrg prghov
duh wkrvh zklfk �qg d wudgh0r� ehwzhhq dqdo|wlfdo wudfwdelolw| dqg uhdolvwlf
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ohyho ri ghwdlov1 Wkh Ylwhue|*v dqg Hyhulww*v prghov ri FGPD uhyhuvh olqnv duh
h{dpsohv ri vxfk prghov1 Krzhyhu/ wkhuh duh vwloo duhdv lq preloh qhwzrunv
wud!f prghoolqj/ h1j1 FGPD grzqolqn/ zkhuh prghov ri wkh vdph ydoxh zhuh
qrw |hw ghyhorshg1
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