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Abstract— The connectivity of a given static, disconnectedad-
hoc network can be impr oved by placing additional nodes in
the network, forming connectionsbetween separate clusters of
connectednodes.Finding optimal locationsto placethe additional
nodesis a dif�cult problem. We give de�nitions of two problems:
connecting the network with a minimal number of additional
nodes,and maximizing utility fr om a given number of additional
nodes in casecomplete connectivity cannot be established.The
former problem reducesin a limit caseto that of the Euclidean
Steiner minimal tr ee.We presentheuristic algorithms that can be
used to ef�ciently attack theseproblems: a minimum spanning
tr eealgorithm and two greedyalgorithms, all applicable to both
problems.The algorithms are feasiblein their computation effort.
We study the performanceof thesealgorithms by simulations.We
also consider the generalization of the problem to k-connectivity
and recognizeits relation to another NP -hard problem, namely,
that of graph augmentation.

I . INTRODUCTION

Ad hocnetworksareby natureconstructed“automatically”,
by the nodesadaptingto the neighboringnodesandbuilding
up a network. In this context, thenetwork topologyis random,
and in particular, no connectivity is guaranteed:the nodes
may be so sparselylocatedthat they areunableto make up a
connectednetwork.

This hasmotivateda wide rangeof research,with a primary
interest in the connectivity of random networks. The most
popularandsimpletopologymodelhasbeentheBooleanone,
which we also use in this paper. In this model, two nodes
are considereddirectly connectedif the distancebetween
them does not exceed the transmissionrange, a network
parameter. Underthismodel,themainobjectof studybecomes
geometricgraphs.Percolationpropertiesof suchgraphswhen
the positionsof the network nodesare distributed according
to a homogeneousPoissonpoint processin the in�nite plane
have beenstudiedin [1]. In the caseof a �nite domain,the
probabilityof a randomnetwork beingconnecteddependsonly
on theprobabilitydistributionof thecritical transmissionrange
for connectivity: for a given setof nodes,this critical rangeis
equal to the greatestedgelength in the Euclideanminimum
spanningtreeof the nodes,aspointedout in [2]. Asymptotic
scaling laws for the critical rangehave beenderived in [3].
The notion of the critical range can be generalizedto k-
connectivity, which guaranteesconnectivity to prevail at the
failure of any k ¡ 1 nodes.The distributions of the critical
rangesfor k-connectivity with any k arenot known whenthe
numberof nodesis �nite. Attemptsto determineanalytically
the probability of k-connectivity of �nite random networks

have beenmadein [4], basedon using as an approximation
the probability of every node having at least k neighbors.
Ef�cient algorithmsfor determiningthe critical rangesfor the
purposesof simulationandempiricalmodellingaredeveloped
in [5], andempiricalmodelsdescribingtheconvergenceof the
distributions of the critical rangesto the known asymptotic
ones[6] arepresentedin [7].

As an example of the �ndings in thesestudies,one may
look at Figure 1 which shows the transmissionrange that,
for nodesdistributed uniformly at randomin a 1km £ 1km
area,provides different degreesof k-connectivity with 99%
con�dence, according to the empirical models in [7]. One
may concludefrom the �gure that the requiredtransmission
ranges are too long to achieve high bit rate connections
ef�ciently with current radio technology. Recognizingthat
the scenariochosenfor the �gure could well describean
ad hoc network applied in a practicalemergency or disaster
recovery situation,we are concernedwith what can be done
when an ad hoc network needsto be formed but the users
are too far apart to form a network with a desiredlevel of
connectivity. More precisely, in this paperwe studytheoption
of improving the connectivity of a static ad-hocnetwork by
carryingextraneousnodesto thescene.Theproblemis where
to put thesenodesso as to minimize the numberof nodes
requiredfor a connectednetwork, or to maximizethe utility
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Fig. 1. The transmissionrangepredictedto ensurek-connectivity with 99%
con�dence for randomly placednodesin a 1km £ 1km area.3-, 2-, and
1-connectivity, from top to bottom.



of the network. We presentalgorithmsthat suggestlocations
for suchadditionalnodes.Networks whereaddingextraneous
nodesis feasibleare somesensornetworks — see[8] for a
survey on sensornetworks — andsuchad-hocnetworks that
are usedin a controlled situation where somecentral entity
canorganizethe deploymentof the nodes.

To our knowledge, the connectivity problem in ad hoc
networks has not beenaddressedso far from this practical
viewpoint. Placing additional nodes,“base stations”, in the
network for connectivity has been studied in [1] from a
theoreticalpoint of view. The papersuggeststhat the more
dimensionsthe network has, the less the addition of base
stationsimproves connectivity. However, theseresultsrelate
to a stochasticmodel, and the locationsof the basestations
werenot optimizedto the actualnodelocations.

This paper is organized as follows: in the next section
we give a thorough descriptionof the problem setting, the
underlying assumptions,and the network model. SectionIII
de�nes essentiallytwo optimization problemsfor the node
addition. Section IV describesthe �rst heuristic algorithm,
the Minimum Spanning Tree algorithm. A more ef�cient
algorithm, the GreedyTessellationalgorithm is presentedin
SectionV, andthelastandmostevolvedalgorithm,theGreedy
Triangle algorithm in SectionVI. Someobservationson the
generalizationof the problem to k-connectivity are madein
SectionVII. SectionVIII containsperformanceanalysisof the
algorithms,aided by simulation results.Finally, Section IX
concludesthe paperwith a summaryandre�ections of future
work.

I I . PROBLEM SETTING AND NETWORK MODEL

As hintedearlier, themotivationfor ourproblemstemsfrom
an emergency scenario.We considera group of agents,e.g.
�re �ghters, deployed in someregion, who needto establish
communicationsin the form of an ad hoc network. For this
purpose,eachagentis equippedwith a terminaldevice; from
now on, we will refer to thesedevices as terminal nodes. In
supportof forming the network, thereis a teamin possession
of additional transceivers that can be usedas relays in the
network; we will call these transceivers relay nodes. We
assumethat both the terminal nodesand the relay nodesare
basedon samestandardhardware and thereforehave equal
transmissionandreceptioncapabilities.Thetaskof thesupport
teamis to placerelay nodesin the region so that the terminal
nodesand the relay nodes togethercan form a connected
wireless multihop network where each link can provide a
desiredrateof communicationto supportthe servicerequired
by the agents,say, a speechapplication.The problemwe are
interestedin is to optimizethe pointswherethe supportteam
shouldplacerelay nodes,given the locationsof the terminal
nodes.

The key assumptionbehindour problemstatementis that
the locationsof the terminalnodesareknown. Thepositionof
a nodecanbeestimatedusingGPSor the futureGalileoposi-
tioning systems,yielding accurateenoughestimates(within
10–20m from the true position), and being cost-effective

enoughfor implementation.Anotherway of positioningnodes
is using triangulation[9], but this requiresthat eachpart of
the network has enoughnodeswith known positions.Thus,
triangulationmethodscanbe usedto locatesinglenodesthat
arenot on the coverageof otherpositioningsystems.

Another importantassumptionis that the location informa-
tion of theterminalnodescanbecollectedeventhoughthenet-
work is not connected.Themotivationbehindthis assumption
is thatdependingon thesolutionson thephysical layer, it can
be possibleto be able to sustainlow bitrate communications
over muchfurther distancethanto provide quality of service.
In this case,thenetwork is ableto convey control information
even if ef�cient communicationsare not possible.In other
words,in this problemwe de�ne connectivity usinga linkwise
throughputrequirement.

We use the commonly studied Boolean model for the
network. This implicitly meansthatwe assumethedominating
factor affecting communicationsto be the path loss of radio
signalscoupledwith a constant-level backgroundnoise,rather
than the interferencebetween simultaneoustransmissions.
Within this model, the transmissionpower employed by the
network nodes (which we assumeto be the same for all
nodes), the path-loss model, and the signal-to-noiseratio
required at reception for a desired rate of communication
are woven into a single parameter, the transmissionrange.
Given the geographicalpositions of all nodes,the network
topologyis thenrepresentedby a geometricgraph,wheretwo
nodesare assumedto have an undirectededge,representing
a bidirectionallink, betweenthem if andonly if the distance
betweenthemdoesnot exceedthe transmissionrange.

We will next de�ne the problemrigorously.

I I I . PROBLEM DEFINITIONS

Formally, we assumethat the network deployment region
(wheretheterminalnodesarelocatedandtherelaynodesmay
be placed) is a boundedconvex subsetS of the Euclidean
spaceRd, d > 1. In all the problems that we are about
to de�ne, the probleminstanceis completelyde�ned by the
set of locationsof N terminal nodes,N = f x i 2 S j i =
1; 2; : : : ; N g, and the transmissionrange r . Together these
imply the pre-existing network topology in the form of an
undirectedgeometricgraph G(N ; E(N ; r )) = G(N ; r ) with
vertex set N and edge set E(N ; r ) = f (x i ; x j ) j x i ; x j 2
N ; i 6= j ; jjx i ¡ x j jj · r g.

A solution to any of the problemsis a set of locations
to place relay nodes,N r = f y i 2 S j i = 1; 2; : : : ; N r g.
Givena con�gurationof terminalandrelaynodesN

S
N r and

transmissionranger , we call a cluster the setof all terminal
nodesin a singlemaximalconnectedcomponentin the graph
G(N

S
N r ; r ).

Weareherebyreadyto de�ne the�rst optimisationproblem:
Problem 1 Given N and r , �nd N r with minimum
cardinalitythatmakesthegraphG(N

S
N r ; r ) connected.

We point out that in the limit r ! 0, this problemreducesto
�nding the EuclideanSteinerminimal tree for the setN : for
a given set of points, the EuclideanSteinerminimal tree is



the tree connectingall the points with minimum total edge
length, when the addition of new points is allowed before
forming the edges.The optimal solution is then to place
the relay nodesalong the edgesof this tree. Finding Steiner
minimal treesis known to be NP -hard [10]. In the general
case,our problemposesthe additionalcomplicationsthat we
are not connectingsingle points to eachother, but clusters
where the bestpoints in the clustersfor connectingto other
clustersmust be chosen,and that the objective function has
beendiscretizedfrom the total lengthof edgesin the Steiner
tree to the numberof addedrelay nodes.In the following,
we suggestheuristicalgorithmsthat are suboptimalbut give
resultswithout excessive computingrequirements.

A greedyapproachto solving the problem is to add new
relay nodestrying to get asgoodan improvementaspossible
in each step, until the connectivity target has been met. A
utility metricis requiredfor this approach,andit shouldre�ect
how close we are to achieving the target. To this end, we
enumeratethe clustersthat exist after eachstep and let Cj

denotethe j :th cluster.
The choice of the utility metric dependson the target

application.We de�ne several possiblemetrics:

Metric 1: The numberof nodesin the biggestcluster,

U1 = max
j

jCj j

Metric 2: Thenumberof nodepairsin thebiggestcluster,
up to a multiplication by a constant:

max
j

µ
jCj j
2

¶
/ max

j
jCj j(jCj j ¡ 1) = U2:

Metric 3: Thesumof all nodepairsover all clusters(i.e.,
the numberof possibleconnections),

X

j

jCj j(jCj j ¡ 1) =
X

j

jCj j2 ¡
X

j

jCj j;

where,sincethe clustersform a partition of the terminal
nodes, the latter term simply equals the number of
terminalnodesandcanbe ignored.Thus,

U3 =
X

j

jCj j2:

Metric 4: The amountof traf�c carriedby the network.
Insteadof usingthecoarse-grainedbut simpleapproaches
of Metrics 1–3, an estimateof a traf�c matrix could be
usedto prioritize connectingdifferentclusters.

The utility metric is also neededfor caseswhere it is not
possibleto make thenetwork connected,dueto having too few
relay nodesavailable.This gives rise to the secondproblem:

Problem 2 Find N r that maximizesthe chosenutility
metric U, subjectto N r · N max

r 2 Z+ .

Provided that the constraintN r · N max
r actuallypreventsus

from achieving connectivity, thisproblemcanbeviewedasthe
maximizationof the chosenutility metric in SN max

r . This is
a dif�cult taskbut allows applying,e.g.,simulatedannealing.

Our algorithmscan readily be usedfor greedyapproachesto
Problem2 aswell asProblem1.

In all examplesand simulationswhere applicablein this
paper, we have usedMetric 1. Metrics 1 and2 areequivalent
in light of Problem2, asdiscussedbrie�y in AppendixA.

At leastonefurtherproblemde�nition comesinto question:

Problem 3 Find N r that maximizesthe degreeof node-
connectivity of the graphG(N

S
N r ; r ), subjectto N r =

N max
r 2 Z+ .

Recall from graph theory that a k-(node-)connectedgraph
remainsconnectedaftertheremoval of any k¡ 1 nodes.In fact,
this problemallows for two alternative variants,dependingon
whetherwe requirerobustnessagainstbothterminalnodesand
relay nodesfailing, or only terminalnodesfailing.

Problem 3 is computationallyexpensive, and as we will
point out in SectionVII, Problems1 and2 generalizedto k-
connectivity becomenotablymorecomplicatedask increases.
We do not studyProblem3 further in this paper.

IV. M INIMUM SPANNING TREE ALGORITHM

Our �rst algorithm arisesnaturally if we only requirethat
eachrelaynodeor contiguouschainof relaynodesconnectex-
actly two clustersof thegraphG(N ; r ). Underthis limitation,
theoptimalsolutionis to placetherelaynodesalongtheedges
of theEuclideanminimumspanningtree(MST) calculatedfor
theclusters,whenthedistancebetweentwo clustersis de�ned
as the shortestdistancebetweentwo terminal nodesin these
distinct clusters.

In fact, it is not dif�cult to show that this MST consistsof
exactly thoseedgesthatarelongerthanthetransmissionrange
r , in theMST calculatedfor all theterminalnodes.Thiscanbe
seenby consideringKruskal's algorithmfor �nding the MST
(seee.g. [11]).

The stepsof the algorithmare thusas follows:

1) Calculatethe Euclideanminimum spanningtreefor N .
2) Place the relay nodeson the edgesof the minimum

spanningtree that are longer than r . If there are too
few relay nodesavailable to spanall suchedges,select
the edgesthat result in maximizing the chosenutility
metric.

In two dimensions,step1 can be completedin O(N logN )
time by utilizing the Delaunaytriangulation;whend = 3, the
complexity of �nding the minimum spanningtreehasat least
been brought down to O(N 4=3 log4=3 N ) [12]. In a higher
numberof dimensions,step1 is likely to requireexhaustively
calculatingthedistancematrix of the terminalnodes,which is
aquadratictask.Step2 is linearin N if all thenecessaryedges
can be spanned,sincethe whole minimum spanningtree has
N ¡ 1 edges.If, on theotherhand,not all necessaryedgescan
be spanned,the optimal selectionof edgesgenerallyrequires
going through all possibilities.In this case,we proposethe
greedymethodof selectingedgesin the orderof addedutility
(with respectto the initial clusters)per usedrelay node. In
this method,the initial clusterscan be found in linear time
by traversingtheminimumspanningtree(edgeslongerthanr



Fig. 2. Minimum SpanningTree algorithm. The initial clusters in this
example realization of 70 terminal nodesare connectedwith solid edges,
andthe edgesto placerelay nodesaredotted.The transmissionrangeis 10%
of the sideof the domain,as illustratedby the circle.

in the tree separatedifferent clusters),and rating and sorting
the O(N ) potentialedgestakes O(N logN ) time. With this
approach,the overall complexity of the algorithm is in any
casedeterminedby step1.

Figure2 illustratesthe Minimum SpanningTreealgorithm.

V. GREEDY TESSELLATION ALGORITHM

The stricter requirementthat a single relay node should,
whenpossible,connectmorethantwo clusterssuggestspoints
thatareequallydistantfrom severalclustersaspotentialpoints
of placement.A useful tool for �nding such points is the
Voronoi tessellation:for a given set of n points, or sites,
in the plane,their Voronoi tessellation(or Voronoi diagram)
partitions the plane into n convex sets, so that all points
forminga givensethave thesamesiteastheir nearestsite.The
de�nition is analogousin higher dimensions,but we restrict
the following descriptionto the planar case.See[12] for a
rathercomprehensive survey on Voronoi diagrams.

What makes the Voronoi tessellationinteresting for our
problemis that it ef�ciently capturesthe geometricneighbor
relationshipsof the nodes:points equally distant from three
clustersarea subsetof thevertices,i.e. thecoincidingcorners
of theconvex setsalsocalledcells,of theVoronoi tessellation
of the nodes.Note that in practise,points equally distant to
more than threenodesdo not exist. However, placinga relay
node at a vertex close to other verticesmay well result in
connectingmore than threeclusters.

For this reason,we examinecoincidingcornersof Voronoi
cells thatcontainnodesall in differentclusters,andthecorner
whereinsertinga new nodeyields themaximalincreasein the
chosenutility metric is selectedasthe placeto insertthe next
relay node.To sumup:

1) Find themaximalconnectedcomponentsandclustersof
the graphG(N

S
N r ; r ). (Initially, N r = ; .)

2) Constructthe Voronoi tessellationof N
S

N r .

3) Regard as candidatepoints the coinciding cornersof
such Voronoi cells that contain nodesall in different
connectedcomponents,excludingcornersfurther thanr
from the nodesandcornersnot in S.

4) Add to N r the candidatepoint that yields maximal
increasein the chosenutility metric.

5) If there were more than one candidatepoints in step
3 and the problemconstraintsallow further additionof
points,go to step1.

6) If allowed by the constraints and the graph
G(N

S
N r ; r ) is not yet connected, �nish with

the Minimum SpanningTreealgorithm.

The last stepis requiredsinceconnectedcomponentscan be
too far apartto beconnectedwith theadditionof a singlerelay
node.

Our complexity analysisis mainly basedon resultsgathered
in [12]. On the �rst run through steps1–5, step 1 amounts
to �nding and traversing the minimum spanningtree of the
nodes,asdescribedin theprevioussection.Thecomputational
complexity of constructingtheVoronoi tessellationin step2 is
O(N logN ) in the plane,quadraticin threedimensions,and
increasesexponentiallywith the numberof dimensions,along
with themaximalsizeof a diagram.Thenumberof verticesin
the tessellationto considerpotentialcandidatepoints in steps
3 and4 is O(N ) in the planeandO(N 2) in R3.

On subsequentrounds,the addition of new points to N r

canbe updatedto the connectedcomponentsandthe tessella-
tion without having to �nd them from scratch.Updatingthe
tessellationis the morecomplicatedtaskbut takesonly O(n)
time, wheren = N + N r , when d = 2 or d = 3. Although
updatingthe candidatepointsshouldalsobe a light task, the
increasein utility muststill bechecked for eachonein step4,
on every round.Thenumberof roundsmade(i.e., thenumber
N r beforeproceedingto thelaststep)with �x edN dependson
the densityof the network: a very sparsenetwork is unlikely
to result in any addition due to too large distancesbetween

Fig. 3. An exampleof the GreedyTessellationalgorithm,when appliedto
the samerealizationasin Figure2. The edgesof the Voronoi tessellationare
shown with dotted lines, the candidatepoints for relay node insertionwith
'+'-signs. The �rst location to adda relay nodeis marked with an asterisk.



clusters,asis averydensenetwork dueto ahighprobabilityof
beingconnected.With �x edaveragedensityof terminalnodes
and transmissionrange, the number of additions is O(N ),
sinceit is boundedby the numberof initial clusters.

As a conclusion,becauseof the O(N ) repetitionsof step
4, the overall running time of this algorithm beforethe �nal
stepis O(N 2) in R2 andO(N 3) in R3, which alsodominates
the �nal step.The algorithmis illustratedin Figure3.

VI . GREEDY TRIANGLE ALGORITHM

The Greedy Tessellationalgorithm uses points that are
equally distant from different clustersas potentialplacesfor
relay nodes.However, with a closer look we seethat this is
not alwaysoptimal: the point equallydistantfrom threegiven
terminalnodesmay fall outsidethe triangularconvex hull of
their locations,in which caseit cannotbetheoptimalplacefor
a relay nodeto connectthe threenodes(optimal in the sense
that the range required from the relay node to connectthe
terminalnodesis minimized).For example,the point marked
in Figure3 astheplacefor the �rst relaynodeis sucha point.
Hence,taking only to the verticesof the Voronoi tessellation
into account,onemaynot �nd all theplaceswhereconnecting
threeclusterswith a single relay nodeis possible.

Having madethis observation,we maysimply selecttriplets
of nodes where the nodes are pairwise at most 2r apart
and all belong to different clusters,as cornersof candidate
triangles. The point equally distant from the cornersof a
candidatetriangleis a candidatepoint for nodeinsertiononly
if this point is inside the triangle; if the point is outsidethe
triangle,the midpoint of the longestsideof the triangleis the
candidatepoint (seeFigure4(a) andcomparewith Figure3).
Finally, it needsto be checked whetherthe distancefrom the
candidatepoint to eachcornerof thetriangleis lessthanr . Of
thesefeasiblecandidatepoints, the oneyielding the maximal
increasein the chosenutility metric is chosenas the location
of the next addedrelay node.

It is of coursepossiblefor a single relay nodeto connect
more than threedistinct clusters:in R2, a single nodecould
in theory connect� ve clusters(given the sametransmission
rangefor all nodes),and in higher-dimensionalspaceseven
more. The occurrenceof such casesis, however, rare, and
thus deliberatelyseekingthesecasesis omitted in order to
simplify the algorithm. It should be noted however that a
propercandidatetriangle can still result in connectingmore
than threeclusters.

This methodis easily extendedto handletriangleswhose
verticesare too far apart to be connectedby a single relay
node. The idea is to place two nodes optimally in order
to connectthe clusters.Consideran addition of two nodes,
targetingin connectingthreeclusters:�nd a candidatetriangle
with no sidelongerthan4r , and�nd jointly optimalpointsfor
two relay nodes(optimality being de�ned as above). Where
to add these two nodesoptimally is divided into different
cases,dependingon the shapeof the triangle; thesecases
are discussedexhaustively in Appendix B. As in the caseof
single node placement,it must be checked whetherplacing

the new nodeswill actuallyestablishconnectivity. Again, the
placementof the two nodescan actually connectmore than
three clusterssimultaneously, but for the sake of simplicity,
checkingthis hasbeenomitted.

Like theGreedyTessellationalgorithm,this algorithmmust
alsobe �nished with the Minimum SpanningTreealgorithm.
TheGreedyTrianglealgorithmhasthusthe following phases:

1) Find themaximalconnectedcomponentsandclustersof
the graphG(N ; r ), and the candidatetriangles.

2) Find thepoint (if any exist) whereaddinga singlerelay
node results in connectingthe candidatetriangle that
yields themaximalincreasein thechosenutility metric,
and add this point to N r . Maintaining the connected
components,the clusters,and the candidatetriangles,
repeatthis as long as new candidatetrianglescan be
connectedand the problemconstraintspermit.

3) Repeatthe previous step, now adding to N r pairs of
pointswhererelay nodesconnectcandidatetriangles.

(a)

(b)

Fig. 4. Applying the GreedyTrianglealgorithmto the realizationof Figure
2. (a): The �rst point to place a relay node, as determinedin step 2 and
indicatedby the '+'-sign. Note thedifferencefrom Figure3 in theplacement.
(b): The �rst pair of pointsto placerelaynodes,asdeterminedin step3, after
several relay nodeshave beenaddedin step2. Note that in this case,four
clustersareconnected.



4) If allowed by the constraints and the graph
G(N

S
N r ; r ) is not yet connected, �nish with

the Minimum SpanningTreealgorithm.

The Greedy Triangle algorithm can be used as such in a
Euclidean spacewith an arbitrary number of dimensions.
However, becauseamongn nodestherearealtogether£( n3)
tripletsof nodes,it is againa goodideato utilize thegeometric
neighborrelationshipsof the nodesin �nding sensiblecandi-
datetriangles,at leastin thetwo-dimensionalcase.In thiscase,
we proposerequiring that at mostonepair in any considered
triplet of nodesnot have neighboringcells in the Voronoi
tessellationof thenodes,which limits thenumberof tripletsto
examinedown to O(N ). (We found requiringall threenodes
to have pairwise neighboringcells, i.e. consideringonly the
trianglesin the Delaunaytriangulation,too restrictive.) With
this choice,thecomplexity of thealgorithmis thesameasthat
of the GreedyTessellationalgorithm, namely, O(N 2) in R2

andO(N 3) in R3. The phasesof the algorithmareillustrated
in Figure4.

VI I . ON THE GENERALIZATION TO k-CONNECTIVITY

A natural generalizationof the problemsis to require k-
connectivity. In a k-(node-)connectednetwork there are at
least k node-disjointpathsbetweenevery pair of nodesor,
equivalently, thereare no k ¡ 1 nodeswhoseremoval would
disconnectthe network. Thus,the higherk, the moretolerant
the network is to nodefailures.

As in the caseof simple connectivity, we may start with
the idea of connectingclusterspairwisewith chainsof relay
nodes,which leadsus to a relatedproblemknown as graph
augmentation.In commonlyusedterms,the task in the min-
imum augmentationproblem is to add to a given graph the
set of edgeswith minimum total weight so that the resulting
graph is k-connected.When k = 1, the problem reducesto
�nding the MST, but for any k > 1 the problemis known to
be NP -hard:see[13] and the referencestherein.

Thus,evenwith thesimplestapproachto makinga network
k-connectedwith k > 1, we immediatelyrun into complex
problems.In whatfollows,we examinetheproblemof making
a given connectednetwork biconnectedas the simplestcase
to demonstratethe dif�culties that appear. The solutions to
this problemcanbe appliedon top of the previous algorithms
to make a disconnectednetwork biconnected,althoughit is
not dif�cult to see that this kind of incrementalstrategy –
even if the individual stepswere solved optimally – can be
highly suboptimalin increasingthe degreeof connectivity by
morethanone.A somewhat relatedproblemhasbeenstudied
in [14], where an ad hoc network of mobile robot nodesis
alreadyassumedto be connected,and the goal is to move
the robotsto make the network biconnectedso that the total
distancetravelled by the robotsis minimized.

Thetaskin makinga connectednetwork biconnectedis thus
to make sure that there are no single nodeswhoseremoval
would disconnectthe network; such nodes are sometimes
called articulation points, and they can be found from a

given network using, for example, the recursive depth-�rst-
search(seee.g. [11]). Note that in this particular problem,
the assumptionof an initially connectednetwork removesthe
ambiguitymentionedin SectionIII asto whichnodesto regard
as articulation points: a relay node as an articulation point
either contradictsthis assumptionor implies unnecessarily
addedrelay nodes.

Thearticulationpointscanbeeliminatedby consideringthe
network without them, and reconnectingthis network with
relay nodes.However, as explained shortly, this can result
in placing unnecessaryrelay nodes,and such nodesshould
be excluded from the �nal solution. Thus, the stepsof our
algorithm to make a connectednetwork biconnectedare as
follows:

1) Find the set of articulationpointsA ½ N of the graph
G(N ; r ) (assumedconnected).If no articulationpoints
are found, the network is alreadybiconnectedand no
relay nodesneedto be added.

2) Apply any of thealgorithmspresentedearlierwith input
fN nA; r g to �nd a set of points N r that, depending
on the constraints,makes the graph G(N r

S
N nA; r )

connectedor maximizesthe chosenutility metric (with
clustersde�ned as in SectionIII).

3) Remove unnecessarypointspossiblyaddedin theprevi-
ousstep:for eachpointy 2 N r , checkwhetherthegraph
G(N

S
N r nf yg; r ) hasany otherarticulationpointsthan

those in G(N
S

N r ; r ). (The latter articulation points
exist only if the problemconstraintspreventedmaking
the graph G(N r

S
N nA; r ) connectedin the previous

step.)If not, let N r = N r nf yg.
It is essentialthat in step 2, all the articulation points

are consideredabsent,becausethis way chains of several
articulation points require in generalless relay nodesto be
bypassed.

An exampleof whenunnecessarypointsareincludedin N r

in step2 andthe last stepis neededis whenthe network is a
chainof severalbiconnectedclusters(thuseachtwo successive
clustersseparatedby an individual articulationpoint) and the
endsof the chainmay be connected– andthe network made
biconnected– with the insertionof a single relay node:a lot
more than this single required point will be output by the
algorithmcalledin step2. Figure5 shows anexampleof such
a network.

In particular, whethera givenpoint in N r is deemedunnec-
essaryin step3 is independentof the existenceof the other
unnecessarypoints,andthereforetheorderin which thepoints
are checked and removed doesnot matter. To seethis, think
of the separate,connectedclustersof the graph G(N nA; r )
assingleverticesandthe original articulationpointsasedges
connectingthesevertices.(Suchanedgemayconsistof several
articulationpoints.)Becausea continuouschainof articulation
points– or evena singleone– mayhave connectedmorethan
two clusters,theseedgesmay be branched.As articulation
points, they have formed a tree connectingthe vertices,and
becausethey may be branched,we may think of the treeasa
Steinertree.Thus,relay nodesat the pointsN r found in step



Fig. 5. An exampleof a connectednetwork that can be madebiconnected
by addinga singlerelaynode,e.g.at thepoint markedwith the '+'-sign. The
articulationpointsarecircled.

2 form anothersuchtreebetweenthe vertices,and removing
any relaynodecutsat leasta branchof anedgefrom this tree.
Now, if theunionof thesetwo treeshasno cycles,theremoval
of any relaynodewill leave theconnectivity of theverticesup
to the original treeandhencethe original articulationpoints,
soin this casethereareno unnecessaryrelaynodes.In fact,an
unnecessaryrelaynodeis suchthat thebranchthat its removal
cuts only connectsverticesthat belong to the samecycle in
the union of the trees,andeven without this branchthe cycle
would exist in the union. Thus,all unnecessarypoints in N r

canbe found and removed independentlyof eachother. This
also shows that the network will remain biconnectedat the
endof the algorithm.

Althoughintuitively appealing,this algorithmmayalsogive
very poor results.Considerthe examplenetwork of Figure5:
there is no guaranteethat the single requiredpoint to place
a relay nodewill be found in step2. Instead,the �nal result
may just aswell be that onerelay nodeis addednext to each
pre-existing articulationpoint.

Finally, we remark that the same strategy in making a
biconnectednetwork triconnected,i.e. �guratively removing
all separationpairs at once and reconnectingthe network,
only rules out separationpairs comprisedof terminal nodes,
as the resulting network will not in generalbe triconnected
with respectto theaddedrelaynodes.For triconnectivity with
respectto all nodes,the separationpairs would have to be
removed one at a time, but then the �nal numberof added
relay nodescandependon the orderof removal.

VI I I . PERFORMANCE ANALYSIS

In this section,we presentanddiscussresultsfrom applying
our three algorithms for simple connectivity to simulated
realizationsof randomly and uniformly distributed terminal
nodesin a square-shapeddomainin the plane.The purposeis
partly to comparethe performanceof the algorithmsrelative
to eachother, and in part to gain someidea on how closeto
optimal their solutionsare.

The latter is a problematictask,as�nding theoptimalsolu-
tion for a generalrealizationis very dif�cult. As mentionedin
SectionIII, when the transmissionrangeis in�nitely shrunk,
the optimal solution to Problem1 is to cover the edgesof
the EuclideanSteiner minimal tree for the terminal nodes
with chainsof relay nodes.In this limit, we know the so-
called SteinerRatio: for any set of points in the plane, the
total edgelength of their Euclideanminimum spanningtree
is at most 2=

p
3 ¼ 1:15 times the optimal solution, i.e. the

total edgelengthof their EuclideanSteinerminimal tree[15].
However, with a non-negligible transmissionrangethecaseis
completelydifferent:asa simpleexample,considera regular
pentagonwhoseverticesare on a circle with radiusequal to
the transmissionrange,andassumeoneterminalnodeat each
of thesevertices.Theseinitially disconnectedterminal nodes
canbeconnectedwith a singlerelaynodeplacedat thecenter
of the circle, whereasutilizing the minimum spanningtree
resultsin placing four relay nodes.

Nonetheless,we usedas a benchmarkfor our algorithms
the method of placing the relay nodes on those edgesof
the Euclidean Steiner minimal tree that connect different
clusters.This methodshouldbe closeto optimal with sparse
networks, i.e. whenthe transmissionrangeis small compared
to the typical distancebetweenneighboringterminal nodes.
Figure 6 shows the averagenumberof relay nodesneeded
to connect random con�gurations with varying number of
terminal nodesusing each of the different algorithms.The
transmissionrangewas set to 10% of the side of the square
domain, in order to demonstratea "feasible" scenariowhere
the numberof relay nodesneededis still a fraction of the
numberof terminalnodes,makingtheadditionof relaynodes
sensible.As expected,our threealgorithmsproducegradually
bettersolutions.The two greedyalgorithmsalso outperform
utilizing the Steinertreewith theseparameters,asthe Steiner
minimal tree simply optimizesthe wrong measurefrom our
problem's viewpoint.

Thegain from utilizing theSteinertreeis capturedin Figure
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Fig. 6. Averagenumberof relay nodesneededto connectthe network, asa
function of the numberof terminalnodesinitially in the network, taken over
1000 randomrealizations.The transmissionrangeis 10% of the side of the
square-shapeddomain.
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Fig. 7. Averagenumberof relaynodesneededto connectthenetwork, taken
over 1000randomrealizationsandplottedon log-log -scale.Thetransmission
rangeis 5% of thesideof thedomain.TheGreedyTessellationalgorithmhas
beenomitted for clarity.

7 which shows correspondingresults with the transmission
rangeset to 5% of the side of the domain.In a very sparse
initial network, the existenceof suitablecandidatetrianglesis
unlikely, andtheGreedyTrianglealgorithmpracticallyreduces
to the Minimum SpanningTree algorithm, while the Steiner
treeyieldsthebestresults.As thedensityof theinitial network
increases,theGreedyTrianglealgorithmsurpassestheSteiner
treemethodin performance.For almostthroughoutthe range
of the �gure, the curve of the MST algorithm is a constant
shift from that of the Steinertree methodon the logarithmic
scale,implying a constantapproximationratio (in termsof the
averagenumberof relay nodesthat has beenplotted). This
ratio wasapproximately103%.

The quantity that best describeswhat we referred to as
the density of the network is the averagenumber of other
terminalnodesdirectlyconnectedto arandomterminalnodein
the initial con�guration. Not accountingfor boundaryeffects,
this quantity is given by N=A ¢¼r 2 where A is the area
of the domain. In essence,this quantity determineswhich
methodyieldsthebestresults,andfor examplethetwo greedy
algorithmsbring signi�cant advantageto using the MST at
proper intermediatevalues of this quantity, when suitable
candidatetrianglesare likely to exist. It is interestingto note
in both �gures that theaveragenumberof relaynodesneeded
increaseswith the numberof terminal nodesup to the point
where N=A ¢¼r 2 ¼ 1: when r 2=A = (10%)2, this point is
at N ¼ 32, and with r 2=A = (5%)2 at N ¼ 127. This is
especiallytrue with the two greedyalgorithms.

IX. SUMMARY AND DISCUSSION

We de�ned andstudiedtwo connectivity problemsfor static
ad-hoc networks, which involve adding new nodes to the
network. The �rst problem is achieving connectivity with
a minimal numberof additional nodes,which reducesin a
limit caseto the EuclideanSteinerminimal treeproblem.The
secondproblemis maximizingtheutility of thenetwork given
the numberof additionalnodesavailable.Our algorithmsfor

solving the secondproblem can be used to de�ne greedy
approachesfor solving the �rst problem.We also considered
the generalizationof the problemto k-connectivity, which is
closely relatedto the graphaugmentationproblem.

We presentedthreeheuristicalgorithmsfor achieving con-
nectivity of a randomlydispersedad-hocnetwork by adding
relaynodes.TheMinimum SpanningTreealgorithmconnects
clusters pairwise with the shortest chains of relay nodes.
The GreedyTessellationalgorithm and the GreedyTriangle
algorithm aim at connectingseveral clusters at each step.
The greedyalgorithmsresortto the Minimum SpanningTree
algorithmin casethe clustersare too far apart.

We assumedthroughoutthis paperthat all the nodeshave
equal transmissionrange. It would also be reasonableto
assumethat the relay nodescan have a larger range when
communicatingwith each other than when communicating
with the terminal nodes.It takes only slight modi�cations to
adjustour algorithmsto this relaxed assumption.

We also precludedthe mobility of terminal nodes from
our assumptions.The approachof adding relay nodes in
optimizedlocationshaslittle applicationin a scenariowhere
eachterminalnodestendsto move all over thenetwork region.
However, by keepingtrack of the locationsof terminalnodes
over time, it shouldbe possibleto recognizethosenodesthat
are nearly stationaryand place relay nodesto connectthese
nodes.Studyingthis questionis left as further work.
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APPENDIX

A. Equivalenceof Utility Metrics 1 and 2

Let V denotethe set of all possiblesolutionsto Problem
2. This setis partially orderedusingU1. The optimal solution
to Problem2 is any one of the solutionsv 2 V ½ V, where
V is the smallestset of v 2 V suchthat 8w 62V; w 2 V :
U1(w) < U1(v).

ConsiderMetric 2: U2 = maxi jCi j(jCj i ¡ 1) = maxi (jCi j2¡
jCi j). Sincethe expressioninsidemax(¢) is strictly increasing
with jCi j whenjCi j ¸ 1, this expressionequals(maxi jCi j)2 ¡
maxi jCi j. Thus,this metric is strictly increasingasa function
of maxi jCi j, andthusa partialorderof V usingU2 is thesame
as the partial order using U1. Thus, the smallestset V 0 ½ V
suchthat 8w 62V 0; w 2 V : U2(w) < U2(v) equalsV .

Thus, the optimal solution for problem 2 using utility
function U1 is the sameasthe optimal solutionfor problem2
usingutility function U2. The samereasoningcanbe usedto
analysegreedyalgorithmsandshow thatthestepthata greedy
algorithm would take is the sameindependentlyof which of
thesetwo utility functionsis used.

B. Optimal placementof two relay nodesto connectthree
terminal nodes

We examineherethe problemof connectingthreeterminal
nodesat givenlocationsby placingtwo relaynodessothatthe
transmissionrangerequiredfrom therelaynodesis minimized.

Let us namethe locationsof the three terminal nodesas
pointsA, B , andC, forming the verticesof a triangleABC .
Without loss of generality, we assumethat jAB j · jCAj ·
jCB j. We will chooseEuclideancoordinatesin R2 so that
point C is chosenas the origin and the �rst dimensionis in
the direction

¡ !
CA, so that the position vector ¹r A = (a 0)T .

Let ¹r B denotethe positionvectorof terminalnodeB . Given
the assumptionjAB j · jCAj · jCB j, the trianglecanalways
be �ipped and rotatedso that point B is locatedinside the
boundedsetdepictedin Figure8(a).Also, notethatany triplet
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Fig. 8. Thesetof possiblelocationsof terminalnodeB (a); exampletriangle
(b)

of points in Rd is located on a R2 plane, and thus this
algorithmgeneralizeseasily to Rd.

Theoptimalsolutionfor thelocationsof thetwo relaynodes
is either

A to use the relay nodesto split in half the two shortest
sides(CA, AB ) of the triangleABC , or

B �rst, to connecttwo terminalnodes(A andB ) with one
relay nodeandthenplacethe secondrelay nodemidway
betweenthe �rst relay nodeand the remainingterminal
nodeC to be connected.

It can be deducedthat whenever caseB is optimal, the �rst
relaynodemustconnectthetwo terminalnodesclosestto each
other. This is becauseby the possibility of caseA, the least
required transmissionrangecannotexceedhalf the second-
shortestdistancebetweentwo of the threeterminalnodes.

For now, assumethat caseB above is optimal (we will
derive the conditionsfor this later). Under this assumption,
our task is to optimize the location of the �rst relay node,
point P, so as to minimize the requiredrangemaxf f 1(P) =
jCPj=2; f 2(P) = jAP j; f 3(P) = jBP jg. For an explanation
of f 1(P), recall that in case B, the secondrelay node is
placedin the middle of edgeCP. We know that the optimal
P must lie inside the triangle ABC , for otherwiseit would
be possibleto decreasethe distanceto all the points A, B ,
and C by moving P. Furthermore,in the optimum we must
have f i (P) = f j (P) ¸ f k (P), for somei 6= j 6= k; i; j ; k 2
f 1; 2; 3g, otherwiseP could again be improved. Here, strict
inequalityappliesif thetwo equalfunctionshave attainedtheir
leastpossiblecommonvalue.

The equation f 1(P) = jCPj=2 = f 2(P) = jAP j is
satis�ed by pointsP locatedon the circle with radius 2

3 jCAj,
centeredat 4

3 ¹rA . Another circle is de�ned accordingly by
the equationf 1(P) = f 3(P). The solutionsof the equation
f 1(P) = f 2(P) = f 3(P) are hencethe intersectionsof these
two circles, which are on the line jAP j = jBP j, as shown
by Figure 8(b). It is easyto show that underthe assumption
jAB j · jCAj · jCB j, theseintersectionsalwaysexist. In light
of the above, the optimal P is locatedat suchan intersection
if it is insidethe triangle,otherwiseit is at the intersectionof
the line or circle f i (P) = f j (P) and the side of the triangle
wherethe value f i (P) = f j (P) is smallest.

We know that one of the intersectionsf 1(P) = f 2(P) =
f 3(P) alwaysfalls outsidethetriangleABC . In orderthat the
other intersectionnot fall outsidethe side AB , the midpoint
of AB must lie inside the two circles. In fact, it suf�ces to



write this condition for one circle only, since it implies the
other, so we get

¯
¯
¯
¯
¹rA + ¹r B

2
¡

4
3

¹rA

¯
¯
¯
¯ <

2
3

jCAj ,

¯
¯
¯
¯¹rB ¡

5
3

¹rA

¯
¯
¯
¯ <

4
3

jCAj; (1)

i.e. point B must lie inside the circle with radius 4
3 jCAj,

centeredat 5
3 ¹rA . If this condition is not satis�ed, the optimal

P — given the assumptionthat caseB really is optimal —
is locatedmidway betweenA andB , at (¹r A + ¹r B )=2. On the
otherhand,the conditionfor the other intersectionnot falling
outsidethe sideCB is

¯
¯
¯
¯
2
3

¹rB ¡
4
3

¹rA

¯
¯
¯
¯ >

2
3

jCAj , j ¹r B ¡ 2¹r A j > jCAj; (2)

i.e. point B must lie outside the circle with radius jCAj,
centeredat 2¹r A . If this condition is not satis�ed, the optimal
P — given the assumptionthat caseB really is optimal — is
locatedon the segment CB at 2

3 ¹rB . (Under the assumption
jAB j · jCAj · jCB j, the other intersectioncannot fall
outsidethe sideCA.)

In general,caseB is optimal if the optimal P presented
above satis�esjCPj < jCAj. It is easyto checkthatwhenever
the optimal P is at (¹r A + ¹r B )=2, this condition is always
satis�ed. When it is at 2

3 ¹rB (i.e. when j¹r B ¡ 2¹r A j < jCAj),
the conditionbecomes

2
3

jCB j < jCAj , jCB j <
3
2

jCAj: (3)

Finally, let us derive the condition jCPj < jCAj for the
intersection f 1(P) = f 2(P) = f 3(P) falling inside the
triangleABC . Let ¹r B = (x y)T . A generalpoint P on the
line jAP j = jBP j is thenat ¹r P = ((a 0)T + (x y)T )=2 +
(y ¡ 0 ¡ (x ¡ a))T t. Thevalueof thescalart corresponding
to the intersectionf 1(P) = f 2(P) = f 3(P) falling inside the
triangleABC canbe solved to be

t = f 4ay ¡ [16a2 y2 ¡
¡
3a2 ¡ 10ax + 3x2 + 3y2¢

¢
¡
12a2 ¡ 24ax + 12x2 + 12y2¢

]1=2g

=
¡
12a2 ¡ 24ax + 12x2 + 12y2¢

:

On the other hand, the value of t that makes jCPj = jCAj
andresultsin the greaterx-coordinatefor P, is

t = [¡ 2ay

+(3 a4 ¡ 8a3 x + 6a2 x2 ¡ x4 + 6a2 y2 ¡ 2x2 y2 ¡ y4)1=2]

=[2
¡
a2 ¡ 2ax + x2 + y2¢

]:

We get the boundaryfor the condition of interestby setting
thesetwo valuesequal.The resultingequationis satis�ed on

the circles with radii jCAj=2, centeredat
³

7
8 a §

p
15
8 a

´ T
.

Only the upper one of these createsa boundary in the
domain of interest.Simple experimentingshows that given
the conditions(1) and(2), caseB is optimal if
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0.5 1 1.5 2
x
€€€€
a

0.2

0.4

0.6

0.8

1

y
€€€€
a

H1L

H2L

H3L

H4LI
II

III

IV

V

Fig. 9. The division of the possiblelocationsof terminalnodeB according
to the optimal placementof two relay nodes

Thelabelsof theconditions(1) to (4) have beenplacednear
their respective boundariesin Figure 9, so that eachlabel is
on the side of the boundarywherethe condition is satis�ed.
Theresulting� ve subsetsof thepossiblelocationsof terminal
node B have beenlabelled using Romannumerals,and the
optimal solution in eachsubsetis summarizedin Table I.

TABLE I

OPTIMAL PLACEMENT OF RELAY NODES ACCORDING TO THE LOCATIONS

OF TERMINAL NODE B IN FIGURE 9

Subset Solutionandexample

I Place�rst nodeP at ¹r P = ( ¹r A + ¹r B )=2, place
secondnodemidway betweenC andP

II
Place�rst nodeP in the intersectionf 1 (P ) =
f 2 (P ) = f 3 (P ) inside the triangle,placesec-
ond nodemidway betweenC andP

III Place�rst nodeP at ¹r P = 2
3 ¹r B , placesecond

nodemidway betweenC andP

IV,V Placeone nodemidway betweenC and A and
the othernodemidway betweenA andB


